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SUMMARY 
The v i b r a t i o n  mode shapes and f r e q u e n c i e s  o f  a 1500-meter 
o r b i t i n g  r a d i o  t e l e s c o p e  are c a l c u l a t e d  and d iscussed .  The 
r a d i o  t e l e s c o p e  employs a pa rabo lo ida l  r e f l e c t o r  cons t ruc t ed  
from t h i n  aluminum t a p e s  arranged i n  a gridwork of e q u i l a t e r a l  
t r i a n g l e s .  The shape of t h e  r e f l e c t o r  is  maintained by s p i n  
about  i t s  a x i s  of  symmetry. A cen t r a l  column carr ies  t h e  r e s u l t -  
i ng  compressive load .  
The sources  of dynamic loads  i n  a space  environment a r e  
d i scussed  and t h e  gene ra l  requirements f o r  dynamic resonance i n  
a sp inn ing  e l a s t i c  body a r e  developed. The method employed f o r  
c a l c u l a t i n g  v i b r a t i o n  modes i s  descr ibed .  Discuss ions  of t h e  
effects  of i n i t i a l  c u r v a t u r e  and s t a t i c  p re load  on s t i f f n e s s  are 
included.  
I It is  shown t h a t ,  f o r  t h e  c o n f i g u r a t i o n  analyzed, poten- 
t i a l l y  impor tan t  resonances w i t h  app l i ed  l o a d s  may e x i s t  f o r  
s e v e r a l  harmonic o r d e r s  of t h e  r o t a t i o n a l  speed. 
INTRODUCTION 
The a n a l y s i s  desc r ibed  i n  t h i s  r e p o r t  is  a p a r t  of  an 
i n v e s t i g a t i o n  of  t h e  f e a s i b i l i t y  of a l a r g e  o r b i t i n g  r a d i o  
telescope. 
r e f e r e n c e s  1 t o  7 .  
Other a s p e c t s  of t h e  i n v e s t i g a t i o n  a r e  descr ibed  i n  
The r a d i o  t e l e s c o p e  employs a p a r a b o l o i d a l  r e f l e c t o r  and is 
des igned  t o  have a half-power beam width of t h r e e  degrees  a t  
f o u r  megacycles. 
l a rge  s i ze .  
t e l e s c o p e  a r e  shown i n  f i g u r e  1. 
For t h i s  reason it i s  n e c e s s a r i l y  o f  very  
The main f e a t u r e s  and t h e  dimensions of t h e  r a d i o  
S t a t i c  and dynamic d i s t o r t i o n s  of  t h e  r e f l e c t o r  a r e  impor- 
t a n t  des ign  c o n s i d e r a t i o n s  because of  t h e  a b e r r a t i o n s  they  pro- 
duce i n  t h e  image of  a r a d i a t i n g  source.  The main o b j e c t i v e  i n  
t h e  dynamic a n a l y s i s  of  an o r b i t i n g  t e l e s c o p e  i s  t h e  c a l c u l a t i o n  
o f  t h e  d e f l e c t i o n s  o f  t h e  r e f l e c t o r  due t o  t h e  s e v e r a l  sources  
o f  dynamic loads  t h a t  a r e  p r e s e n t  i n  a space  environment. The 
c a l c u l a t i o n  o f  v i b r a t i o n  modes i s  an important  f i r s t  s t e p  i n  t h e  
de te rmina t ion  of  dynamic response.  
The r e p o r t  c o n t a i n s  a b r i e f  d e s c r i p t i o n  o f  t h e  dynamic 
loads  environment, a t h e o r e t i c a l  d i scuss ion  of  t h e  methods used 
i n  v i b r a t i o n  a n a l y s i s  of  t h e  antenna, and a p r e s e n t a t i o n  of  
c a l c u l a t e d  v i b r a t i o n  mode shapes and f r equenc ie s .  It a l s o  con- 
t a i n s ,  a s  i n t r o d u c t o r y  m a t e r i a l ,  a d e s c r i p t i o n  of  t h e  s t r u c t u r a l  
des ign  f e a t u r e s  of  t h e  antenna t h a t  a r e  impor tan t  f o r  dynamic 
a n a l y s i s .  
SYMBOLS 
A c r o s s - s e c t i o n a l  a r ea  
a d i f f e r e n t i a l  o p e r a t o r  wi th  r and z a s  independent 
v a r i a b l e s  jk 
B damping m a t r i x  
E Young ' s modulus 
e f f e c t i v e  e x t e n s i o n a l  modulus Eeff 
f i n e r t i a  f o r c e  
I moment of  i n e r t i a  about s p i n  a x i s  
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moment o f  i n e r t i a  about t r a n s v e r s e  a x i s  
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2 
I l e n g t h  of t a p e  wi th  one c r e a s e  C 4, 
4, l e n g t h  of  a s p i r a l  member 
M mass m a t r i x  
1 
m m a s s  p e r  u n i t  a r e a  
m mass of column pe r  u n i t  l e n g t h  
N 
C 
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independent components of displacement  
displacement  i n  meridional  d i r e c t i o n  
displacement  i n  c i r c u m f e r e n t i a l  d i r e c t i o n  
displacement  normal t o  s u r f a c e  
impedance m a t r i x  
gene ra l i zed  displacement 
d i s t a n c e  p a r a l l e l  to  a x i s  o f  symmetry 
exponen t i a l  decay f a c t o r  
ang le  between m e r i d i a n  and p l ane  normal t o  t h e  a x i s  
o f  symmetry 
ang le  between s p i r a l  f i b e r  and mer id ian  
increment o p e r a t o r  
k i n e t i c  energy p e r  u n i t  area - 
e l a s t i c  s t r a i n  energy pe r  u n i t  a r e a  
p o t e n t i a l  energy due t o  s t a t i c  p re load ,  p e r  u n i t  a r e a  
e x t e n s i o n a l  stress i n  mer id iona l  d i r e c t i o n  
membrane s h e a r  stress 
e x t e n s i o n a l  stress i n  c i r c u m f e r e n t i a l  d i r e c t i o n  
r o t a t i o n  about  l i n e  t angen t  t o  mer id ian  
r o t a t i o n  about  normal t o  s u r f a c e  
r o t a t i o n  about  l i n e  tangent  t o  
stress due t o  g r a v i t y  g r a d i e n t  
a x i a l  stress i n  s p i r a l  t a p e s  
po 1 a r  c i rc le  
I 0 
s p i n  
t 
0 
0 
Y 
CP 
w 
stress due t o  s p i n  
working a x i a l  stress i n  a t a p e  
y i e l d  stress 
a x i a l  stress i n  c i r c u m f e r e n t i a l  t a p e s  
azimuth angle  i n  t h e  non-ro ta t ing  coord ina te  system 
azimuth angle  i n  r o t a t i n g  coord ina te  system 
r o t a t i o n a l  speed, r a d i a n s / u n i t  t i m e  
frequency, r a d i a n s / u n i t  t i m e  
MECHANICAT; PROPERTIES AND STRUCTURAL DESIGN 
An o v e r a l l  v i e w  of t h e  r a d i o  t e l e s c o p e  i s  shown i n  f i g u r e  1. 
The t e l e s c o p e  c o n s i s t s  of  t h e  fol lowing major components: 
R e f l e c t o r  Grid 
R i m  Mass 
C e n t r a l  Compression Column 
F r o n t  Tensioning Network 
Back Tensioning Network 
Equipment Package a t  Forward End o f  Column 
Equipment Package a t  A f t  End of  Column 
The we igh t  of  each o f  t h e  major components i s  l i s t e d  i n  t ab le  I. 
~ 
The t e l e s c o p e  s p i n s  about i t s  a x i s  of  symmetry a t  t h e  r a t e  
of approximately one r e v o l u t i o n  i n  1 6  minutes. The r e s u l t i n g  
c e n t r i f u g a l  f o r c e  produces t ens ion  i n  t h e  f i b e r s  of t h e  reflector 
I g r i d  and compression i n  t h e  c e n t r a l  column. 
The re f lec tor  g r i d  c o n s i s t s  of  t h i n  t a p e s  of  aluminum f o i l  
a r ranged  as a network o f  e q u i l a t e r a l  t r i a n g l e s .  Mechanical 
p r o p e r t i e s  o f  t h e  t a p e s  a r e  l i s t e d  i n  t a b l e  11. 
c r o s s - s e c t i o n a l  a r e a  o f  t h e  t apes  w e r e  s e l e c t e d  t o  m e e t  t h e  
r equ i r emen t  for  adequate  e lec t romagnet ic  r e f l e c t i v i t y  i n  t h e  
f requency  range from one t o  t e n  megaeycles, ( r e f .  1) . The 
c h o i c e  o f  very t h i n  and r e l a t i v e l y  wide t a p e s  r a t h e r  t h a n  s o l i d  
w i r e s  o r  hollow tubes  was made from c o n s i d e r a t i o n  of f r a c t u r e  
The spac ing  and 
r 
3 
F 
r a t e s  due t o  micrometeoroids ( ref .  6) , and from c o n s i d e r a t i o n  o f  
t h e  requirement  f o r  f o l d a b i l i t y  dur ing  packaging and deployment 
of the r a d i o  telescope. Commercially p u r e  aluminum was s e l e c t e d  
a s  t h e  mater ia l  f o r  t h e  r e f l e c t o r  g r i d  due t o  i t s  a v a i l a b i l i t y  
i n  very  t h i n  s h e e t s  and i t s  l o w  y i e l d  stress. The l a t t e r  proper-  
t y  minimizes t h e  sho r t en ing  of t h e  t a p e s  due t o  creases ( r e f .  3 )  
and also i n c r e a s e s  t h e  e f f e c t i v e  s t i f f n e s s  of  t h e  r e f l e c t o r  g r i d ,  
a s  w i l l  be shown. 
The r i m  m a s s  a t  t h e  o u t e r  r a d i u s  o f  t h e  r e f l e c t o r  is  r e q u i r -  
ed i n  o r d e r  t o  e q u i l i b r a t e  t h e  t e n s i l e  f o r c e s  i n  t h e  r e f l e c t o r  
and i n  t h e  f r o n t  t ens ion ing  network by means o f  c e n t r i f u g a l  f o r c e  
A s i m i l a r  m a s s  i s  n o t  r equ i r ed  a t  t h e  inne r  r a d i u s  o f  t h e  
re f lec tor  because t h e  back t ens ion ing  network i s  t a n g e n t  t o  t h e  
reflector.  The r i m  m a s s  c o n s i s t s ,  l a r g e l y ,  of i n s u l a t e d  e lec t r i -  
ca l  conductors .  D i r e c t  c u r r e n t  f lowing i n  t h e s e  conductors  
i n t e r a c t s  w i t h  t h e  E a r t h ' s  magnetic f i e l d  t o  produce a precession-  
a l  c o n t r o l  t o rque  on t h e  antenna, (ref. 5 ) .  
The c e n t r a l  compression column i s  cons t ruc t ed  a s  a l a t t i c e  
column o f  c o n s t a n t  c r o s s  s ec t ion  w i t h  t h r e e  t u b u l a r  longerons 
and cross-ties. The column is  desiqned t o  deploy au tomat i ca l ly  
and cont inuous ly ,  ( ref .  4)  . The bending s t i f f n e s s  of  t h e  c e n t r a l  
compression column w a s  s e l e c t e d  t o  p reven t  buckl ing  and t o  provide  
a c r i t i c a l  speed f o r  l a t e r a l  d e f l e c t i o n  t h a t  is  w e l l  above t h e  
o p e r a t i n g  range. 
The f r o n t  and back t ens ion ing  networks c o n s i s t  of 
f i b e r g l a s s  tapes .  C r o s s - t i e s ,  n o t  shown i n  f i g u r e  1, w i l l  be 
r e q u i r e d  t o  ma in ta in  t h e  c o n i c a l  shape o f  t h e  t e n s i o n i n g  networks 
and t o  minimize m a s s  unbalance caused by t a p e s  t h a t  have been 
broken by meteoroids.  
been neg lec t ed  i n  t h e  a n a l y s i s  desc r ibed  i n  t h i s  r e p o r t .  
The m a s s  o f  t h e  t e n s i o n i n g  networks has  
The f r o n t  equipment package c o n s i s t s  of a d i p o l e  a r r a y  f o r  
f e e d i n g  t h e  r a d i o  t e l e s c o p e ,  and e l e c t r o n i c  equipment f o r  s i g n a l  
c o n d i t i o n i n g  and communication. The back equipment package 
c o n s i s t s  of so la r  cel ls  and power s u p p l i e s  f o r  t h e  supply of 
c u r r e n t  t o  t h e  r i m  conductors  and t o  e l e c t r o n i c  equipment. 
The s t a t i c  stress d i s t r i b u t i o n  induced i n  t h e  s t r u c t u r a l  
m e m b e r s  of  t h e  r a d i o  t e l e scope  by c e n t r i f u g a l  f o r c e  is shown i n  
f i g u r e  2. o is  t h e  stress i n  t h e  s p i r a l  r e f l e c t o r  t a p e s  and 
Y 
0 is  t h e  stress i n  t h e  c i r c u m f e r e n t i a l  r e f l e c t o r  t apes .  It  
w i l l  be noted t h a t  t h e  magnitudes of t h e  stresses a r e  very low 
compared t o  convent iona l  engineer ing exper ience .  I t  would be 
d e s i r a b l e  to  have l a r g e r  stresses i n  o r d e r  t o  reduce t h e  shor ten-  
i n g  o f  t h e  t a p e s  due t o  i n i t i a l  cu rva tu re  and creases. Higher 
stresses would, however, r e q u i r e  a h e a v i e r  c e n t r a l  compression 
column and would, due t o  t h e  h igher  r o t a t i o n a l  speed, i n c r e a s e  
t h e  power r e q u i r e d  by t h e  scanning and o r i e n t a t i o n  c o n t r o l  system. 
CP 
The e f f e c t i v e  s t i f f n e s s  of t apes  i n  t h e  r e f l e c t o r  g r i d  was 
c a l c u l a t e d  on t h e  assumption t h a t  each m e m b e r  o f  t h e  g r i d  has  
two sha rp  creases. The a c t u a l  number of creases p e r  m e m b e r  
depends on t h e  d e t a i l e d  des ign  of t h e  j o i n t s  i n  t h e  gridwork and 
on t h e  manner o f  packaging. 
r e f e r e n c e  3 f o r  t h e  effect ive e x t e n s i o n a l  modulus o f  a t a p e  w i t h  
i n i t i a l  t r a n s v e r s e  creases. 
The fo l lowing  formula i s  given i n  
e f f  
I5 
t 
t 
where 
I 
t 
Young I s  modulus 
th i ckness  o f  t a p e  
l e n g t h  of t a p e  w i t h  one crease 
working a x i a l  stress i n  t h e  tape 
y i e l d  stress of  t h e  mater ia l  
func t ion  t a b u l a t e d  i n  f i g u r e  3 .  
It w i l l  be noted t h a t  if t h i  second t e r m  i n  equa t ion  (1) 
predominates ,  l o w  Young's modulus, h i g h  a x i a l  stress, low y i e l d  
stress and s m a l l  t a p e  th i ckness  a l l  tend  t o  i n c r e a s e  t h e  e f f e c t i v e  
e x t e n s i o n a l  s t i f f n e s s .  E f f e c t i v e  e x t e n s i o n a l  moduli f o r  t h e  
s p i r a l  and c i r c u m f e r e n t i a l  m e m b e r s  o f  t h e  r e f l e c t o r  g r i d  are 
p l o t t e d  i n  f i g u r e  4. The gene ra l ly  l o w  va lues ,  p a r t i c u l a r l y  for  
the sp i r a l  m e m b e r s  w i l l  be noted. 
It h a s  been determined t h a t  creases i n  t h e  f r o n t  and back 
t e n s i o n i n g  networks can probably be avoided. 
w i l l ,  however, t end  t o  reduce t h e  e f f e c t i v e  s t i f f n e s s .  The 
e f f e c t i v e  e x t e n s i o n a l  modulus o f  t h e  m e m b e r s  i n  t h e s e  networks 
I n i t i a l  c u r v a t u r e  
I. 
i s  e s t ima ted  t o  be a t  l e a s t  50 000 p s i .  
DYNAMIC LOADS ENVIRONMENT 
S t a t i c  and dynamic d i s t o r t i o n s  of t h e  r a d i o  t e l e s c o p e  a r e  
impor tan t  des ign  c o n s i d e r a t i o n s  because of  t h e  a b e r r a t i o n s  they  
produce i n  t h e  image of a r a d i a t i n g  source .  The stresses pro- 
duced by environmental  l oads  a r e  no t  l i k e l y  t o  be s i g n i f i c a n t  
from t h e  view p o i n t  of s t r u c t u r a l  i n t e g r i t y ,  w i th  t h e  p o s s i b l e  
excep t ion  of  f a t i g u e  stresses i n  sharp  c r e a s e s .  The p e r m i s s i b l e  
d isp lacements  of  p o i n t s  i n  t h e  r e f l e c t o r  g r i d  a r e  r e l a t i v e l y  
l a r g e .  I f  it i s  assumed t h a t  a d i s t o r t i o n  equa l  t o  one - s ix t een th  
o f  a wavelength i s  accep tab le ,  then  t h e  p e r m i s s i b l e  displacement  
from a p a r a b o l o i d a l  s u r f a c e  a t  a frequency of  1 0  megacycles is  
about  6.5 f t  o r  about  .0013 t imes t h e  diameter of  t h e  r e f l e c t o r .  
Due t o  t h e  s p i n  of t h e  antenna about  i t s  a x i s ,  environmental  
l o a d s  t h a t  would normally be cons idered  t o  be s t a t i c  f o r  a non- 
r o t a t i n g  body produce dynamic e f f e c t s  t h a t  a r e  s u b j e c t  t o  reson- 
a n t  m p l i f  i c a t i o n .  A s t a t i c  l oad  d i s t r i b u t i o n  i n  a non- ro ta t ing  
c o o r d i n a t e  system becomes a t r a v e l i n g  wave i n  a c o o r d i n a t e  system 
t h a t  r o t a t e s  w i t h  t h e  antenna. D e t a i l s  o f  t h e  t r ans fo rma t ion  
be tween  t h e  non- ro ta t ing  and r o t a t i n g  c o o r d i n a t e  systems and 
i d e n t i f i c a t i o n  of  t h e  important  parameters  f o r  r e sonan t  ampl i f i -  
c a t i o n  are d i scussed  i n  t h e  n e x t  s e c t i o n .  
N o  a t t empt  i s  made i n  t h i s  r e p o r t  t o  determine t h e  magni- 
t u d e s  of t h e  d i s t o r t i o n s  due t o  dynamic loads ,  s i n c e  t h i s  phase 
o f  t h e  dynamic a n a l y s i s  of  t h e  o r b i t i n g  r a d i o  t e l e s c o p e  h a s  n o t  
y e t  begun. 
s o u r c e s  o f  dynamic loads  a r e  made below i n  o r d e r  t o  i n d i c a t e  t h e  
need for dynamic a n a l y s i s .  
Order-of-magnitude estimates of  t h e  more obvious 
Gravi ty  Gradien t  
A d i rec t  e f f e c t  of  g r a v i t y  g r a d i e n t  uponan o r b i t i n g  body 
is t o  produce t e n s i o n  along an a x i s  p o i n t i n g  toward t h e  c e n t e r  
o f  t h e  E a r t h  and t o  produce compression along t r a n s v e r s e  axes.  
If w e  c o n s i d e r  an axisymmetric body r o t a t i n g  about  an a x i s  per-  
p e n d i c u l a r  t o  t h e  p l a n e  of  i t s  o r b i t ,  t h e  v a r i a t i o n  of  compres- 
s i o n a l  l oad  around i t s  circumference w i l l  c o n t a i n  p r i m a r i l y  zero 
and second harmonic components. It  i s  shown i n  r e f e r e n c e  8 t h a t  
t h e  o r d e r  of magnitude of  t h e  stresses due t o  g r a v i t y  g r a d i e n t  
i s  sma l l e r  t han  t h e  stresses due t o  s p i n  by t h e  r a t i o  of  t h e  
square  of t h e  r o t a t i o n a l  per iod  t o  t h e  square  of  t h e  o r b i t a l  
per iod .  Thus 
2 0 
x = o  s p i n  
0 s p i n  ('orb 1 
For t h e  p r e s e n t  example, T = 1 6  mbn and 0 s p i n  2 10  p s i .  
The des ign  a l t i t u d e  o f  t h e  o r b i t  i s  6000 k i lome te r s  above t h e  
s u r f a c e  of t h e  Ear th .  A t  t h i s  a l t i t u d e  t h e  o r b i t a l  pe r iod  i s  
approximately 23 5 minutes.  Thus 
s p i n  
2 
= .05 p s i  
g9 
Assuming an e f f e c t i v e  modulus f o r  t h e  t a p e s  i n  t h e  r e f l e c t o r  
equa l  t o  1000 p s i ,  t h e  o r d e r  o f  magnitude of t h e i r  s t r a i n  i s  
= .05 x . Barr ing  l a r g e  a m p l i f i c a t i o n  due t o  dynamic 
resonance o r  mechanical leverage ,  it would appear t h a t  t h e  d i s -  
t o r t i o n s  produced by g r a v i t y  g r a d i e n t  a r e  small  compared t o  t h e  
pe rmi t t ed  va lue  of  ,0013 t imes  r e f l e c t o r  diameter .  
Thermal Expansion 
The h e a t  f l u x  i n t o  t h e  t apes  due t o  s o l a r  r a d i a t i o n  varies 
ove r  t h e  s u r f a c e  of  t h e  r e f l e c t o r  because of d i f f e r e n c e s  i n  t h e  
o r i e n t a t i o n  of  t h e  t a p e s  wi th  r e s p e c t  t o  t h e  sun. 
tempera ture  v a r i a t i o n  i s  shown i n  f i g u r e  5 f o r  a case  i n  which 
t h e  d i r e c t i o n  of  i l l u m i n a t i o n  is  pe rpend icu la r  t o  t h e  a x i s  o f  
t h e  an tenna  and t h e  r a t i o  of  s o l a r  abscrrptivity t o  e m i s s i v i t y  i s  
2.5 . For t h i s  c a s e  t h e  l a r g e s t  t empera ture  v a r i a t i o n  occur s  
i n  t h e  c i r c u m f e r e n t i a l  t a p e s  of t h e  r e f l e c t o r .  
t empera tu re  of  t h e  t a p e s  is e s t a b l i s h e d  by r a d i a t i o n  from t h e  
E a r t h ' s  s u r f a c e .  Using t h e  maximum temperature  d i f f e r e n c e  (500 F) 
shown i n  f i g u r e  5 and t h e  thermal expansion c o e f f i c i e n t  o f  alum- 
inum ( 1 3 . 3  X 10-6/oF) ,  t h e  r e s u l t i n g  maximum v a r i a t i o n  i n  s t r a i n  
i s  .0066 . I f  t h e  r a t i o  of t h e  r e s u l t i n g  normal displacement  
t o  r e f l e c t o r  diameter  w e r e  t h e  same s i z e ,  thermal  d i s t o r t i o n  
would probably  produce s i g n i f i c a n t  a b e r r a t i o n  a t  10  megacycles. 
The r e s u l t i n g  
The minimum 
If thermal expansion proves t o  be a s i g n i f i c a n t  problem, 
e f f e c t s  can ;Je r e d u c e d  by coa t ing  t h e  t a p e s  w i t h  a Tcaterial 
a s  yold) w i t h  a lower r a t i o  of s o l a r  a b s o r p t i v i t y  t o  e:-i issivity-.  
i t s  
(such 
Photon P res su re  
S o l a r  r a d i a t i o n  also produces a d i r e c t  mechanical f o r c e  on 
t h e  elements  of t h e  r e f l e c t o r  due t o  photon p r e s s u r e .  Using a 
va lue  o f  0.9 x dynes/cm" f o r  t h e  photon p r e s s u r e ,  t h e  
t o t a l  load  on t h e  ref lector ,  assuming f u l l  i l l u m i n a t i o n  on t h e  
e n t i r e  s u r f a c e ,  i s  about .03 lbs, which i s  about  1/15 o f  t h e  
a x i a l  component o f  t e n s i o n  i n  the  s p i r a l  f i b e r s  due t o  s p i n .  
Assuming t h e  r a t i o  of  f iber  stress t o  a x i a l  load  t o  be t h e  same 
f o r  t h e  two c o n d i t i o n s ,  t h e  r e s u l t i n g  stresses i n  t h e  r e f l e c t o r  
gridwork are of t h e  o r d e r  o f  . 5  p s i ,  o r  t e n  t i m e s  t h e  stresses 
due t o  g r a v i t y  g r a d i e n t .  The corresponding s t r a i n s ,  assuming 
an e f fec t ive  modulus o f  1000 p s i ,  are o f  t h e  o r d e r  of  .0005,  o r  
about  1/10 o f  t h e  s t r a i n s  due t o  thermal  expansion. D i f f e rences  
i n  t h e  o r i e n t a t i o n s  o f  t a p e s  w i t h  r e s p e c t  t o  t h e  sun w i l l  produce 
v a r i a t i o n s  i n  load ing  over  t h e  su r face .  
Mass Unbalance 
Mass unbalance w i l l  e x i s t  due  t o  imper fec t ions  of  cons t ruc-  
t i o n  i n c l u d i n g  i n i t i a l  c u r v a t u r e  o f  t h e  c e n t r a l  column, and due 
t o  changes i n  t h e  p o s i t i o n  of t apes  f r a c t u r e d  by micrometeoroids. 
Resonant a m p l i f i c a t i o n  o f  t h e  r e s u l t i n g  unbalanced load ing  can 
e a s i l y  be avoided by des igning  the  c e n t r a l  column t o  have a 
c r i t i c a l  speed w e l l  above t h e  o p e r a t i n g  range. 
i s  n o t  expected t o  be a s e r i o u s  problem. 
I T r a n s i e n t  C o n t r o l  Forces  
I A s  mentioned earlier, t h e  torque  r e q u i r e d  t o  p r e c e s s  t h e  
s p i n  axis of  t h e  antenna i s  produced by i n t e r a c t i o n  of t h e  E a r t h ' s  
magnet ic  f i e l d  w i t h  c u r r e n t  f lowing i n  t h e  r i m .  Sudden app l i ca -  
t i o n  o r  reversal of  t h e  torque  w i l l  produce t r a n s i e n t  motions of 
t h e  ref lector .  Design s t u d i e s ,  ref .  5, i n d i c a t e  t h a t  a maximum to rque  
c a p a b i l i t y  of 100  f t - lbs  is  adequate t o  produce t h e  r equ i r ed  
scann ing  ra te  (180 degrees  pe r  d2.y). A sudden r e v e r s a l  o f  t h i s  
t o r q u e  would produce o s c i l l a t o r y  stresses i n  t h e  s p i r a l  t a p e s  of  
the r e f l e c t o r  g r i d  of  t h e  o r d e r  cf 0.4 p s i  which i s  approximately 
I 
I 
1 
t h e  same s i z e  as t h e  stresses produced by photon p r e s s u r e .  
D i s t o r t i o n s  o f  t h e  r e f l e c t o r  due t o  t r a n s i e n t  c o n t r o l  f o r c e s  
can t h e r e f o r e  be expected t o  be of t h e  o r d e r  of  . 0005  t i m e s  
t h e  diameter  of  t h e  r e f l e c t o r .  
METHOD OF ANALYSIS 
General Theory f o r  t h e  V i b r a t i o n s  of a 
Ro ta t ing  Axisymmetric Body 
The homogeneous equat ions  o f  s m a l l  motion f o r  an e l a s t i c  
axisymmetric body can be w r i t t e n  a s  p a r t i a l  d i f f e r e n t i a l  equa- 
t i o n s  i n  a c y l i n d r i c a l  coord ina te  system w i t h  r , z , V , 
and t as independent v a r i a b l e s ,  such t h a t  t h e  c o e f f i c i e n t s  of 
.the t e r m s  a r e  f u n c t i o n s  of r and z only .  W e  wish f i r s t  t o  
show t h e  manner i n  which t h e  s o l u t i o n  depends on cp and t . 
For t h i s  purpose,  l e t  us examine a t y p i c a l  equat ion  o f  e q u i l i -  
brium which may be w r i t t e n  
where a jk  i s  a d i f f e r e n t i a l  o p e r a t o r  w i t h  r e s p e c t  t o  r and 
z , and u is t h e  displacement  vector .  
A g e n e r a l  s o l u t i o n  t h a t  s a t i s f i e s  equa t ion  (4 )  is  
where p and b are c o n s t a n t s  independent of r ,  z , cp o r  t . 
S u b s t i t u t i o n  i n t o  equat ion  (4 )  g ives  
r 1 
which, s i n c e  t h e  exponen t i a l  t e r m  may be f a c t u r e d  o u t ,  r e s u l t s  
i n  a p a r t i a l  d i f f e r e n t i a l  equat ion w i t h  dependence on r and 
z o n l y .  
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I A requirement  on t h e  s o l u t i o n  i s  t h a t  it be s ingle-va lued  
throughout t h e  body, f o r  which a necessary c o n d i t i o n  i s  t h a t  
t h e  dependence on CP be p e r i o d i c  wi th  pe r iod  equal  t o  2v . 
T h i s  cond i t ion  i s  s a t i s f i e d  i f  b = i n  where n i s  a ( p o s i t i v e  
o r  nega t ive )  i n t e g e r .  L e t  t h e  parameter p be represented  by 
i t s  r e a l  and imaginary p a r t s ,  p = a + i c k l  . The gene ra l  so lu -  
t i o n ,  equat ion  (5), may then be w r i t t e n  
a t  i (ut+ncp) 
u = u ( r , z ) e  e 
P h y s i c a l l y  t h e  s o l u t i o n  given by equat ion  ( 7 )  r e p r e s e n t s  an 
exponen t i a l ly  i n c r e a s i n g  wave t r a v e l i n g  i n  t h e  nega t ive  
d i r e c t i o n  wi th  phase v e l o c i t y  
CP 
Since  t h e  c o n s t a n t s  w and n may be n e g a t i v e  a s  w e l l  a s  
p o s i t i v e ,  waves may a l s o  t r ave l  i n  t h e  forward CP d i r e c t i o n .  
For t h e  c a s e  o f  undamped v i b r a t i o n s ,  a = 0 , s u b s t i t u t i o n  
o f  t h e  g e n e r a l  s o l u t i o n ,  equat ion  ( 7 ) ,  i n t o  equa t ion  (4 )  r e s u l t s  
i n  t h e  fo l lowing  e igenvalue  problem: 
I 
For each va lue  of  n , a series of v a l u e s  o f  W ( W  , ipi , 
e t c . )  may be found f o r  which n o n - t r i v i a l  s o l u t i o n s  (u , 
etc . )  ex i s t  - t h a t  s a t i s f y  equat ion ( 9 )  and i t s  boundary c o n d i t i o n s .  
ai and u are r e s p e c t i v e l y  t h e  f requency and mode shape of  
n a t u r a l  v i b r a t i o n  modes of t h e  s t r u c t u r e .  Equation (9 )  i s  an 
impor t an t  r e s u l t  f o r  numerical  a n a l y s i s  because it shows t h a t  
t h e  three-dimensional  v i b r a t i o n  problem can be reduced t o  a 
series o f  s impler  two dimensional v i b r a t i o n  problems. 
I nl - n2 
, u n l  n2 
n i  n i  
The homogeneous s o l u t i o n s  t o  t h e  g e n e r a l  v i b r a t i o n  problem 
of an axisymmetric body have been shown t o  be t r a v e l i n g  waves. 
I t  i s  of  i n t e r e s t  t o  examine t h e  c o n d i t i o n s  under which a 
._ . . 
s tanding  wave i s  a p o s s i b l e  homogeneous s o l u t i o n .  
wave i s  r ep resen ted  by t h e  form 
1 -  
2 
- - * u ( r , z )  
- i c u t  
u = u ( r , z ) e  .cos(nq)  
? 1 
I i(wt+nq) + e i (k,t-nY) e 
A s t and ing  
C l e a r l y  s t and ing  waves e x i s t  a s  - s o l u t i o n s  i f ,  and on ly  i f ;  
e igenvalues  w and e igenvec to r s  u can be found t h a t  a r e  
t h e  same when t h e  s i g n  of  n is changed. Examination of  
equat ion  ( 9 )  shows t h a t  t h i s  condi t ion  ex i s t s  i f  a l l  va lues  of  
j , t h e  o r d e r  of d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  CP , a r e  
even, o r  if a l l  va lues  o f  j a r e  odd. For t h e  case of a sp in-  
ning body it can be shown t h a t  t h e  i n e r t i a  f o r c e s ,  when expressed 
i n  a non-ro ta t ing  coord ina te  system, g i v e  r ise t o  t e r m s  o f  mixed 
odd and even o r d e r  i n  t h e  d i f f e r e n t i a l  equa t ions  so t h a t  s tand-  
i n g  wave s o l u t i o n s  do n o t  e x i s t ,  i n  gene ra l ,  f o r  sp inning  bodies .  
S tanding  wave s o l u t i o n s  do, of  course,  e x i s t  f o r  non- ro ta t ing  
axisymmetric bodies .  
n i  n i  
Consider  n e x t  t h e  response of a sp inning  body t o  an app l i ed  
load  d i s t r i b u t i o n  t h a t  i s  s t a t i o n a r y  i n  t i m e  and space  w i t h  re- 
s p e c t  t o  a non-ro ta t ing  r e f e r e n c e  frame. The load  d i s t r i b u t i o n  
i n  t h e  non- ro ta t ing  r e f e r e n c e  frame may be expanded i n  a F o u r i e r  
series i n  cp 
P = ~ ( r , z , ? )  = c .  a . s in (nG)  + b * c o s ( n @ )  n n 
n 
where t h e  c o e f f i c i e n t s  a and 13 are f u n c t i o n s  of r and z . 
CP i s  t h e  azimuth p o s i t i o n  i n  t h e  non- ro ta t ing  system and is 
r e l a t e d  t o  cp , t h e  azimuth p o s i t i o n  i n  t h e  r o t a t i n g  system a s  
shown i n  t h e  fo l lowing  diagram. 
n n - 
13 
r e fe rence  
f i x e d  
r e fe rence  
From t h e  diagram 
- 
c p = c p + n t  
where Q i s  t h e  angular  v e l o c i t y  o f  r o t a t i o n .  
Thus, s u b s t i t u t i n g  i n t o  equat ion  (11) 
P = E-a . s i n ( n R t  + ncp) + bncos(nRt  + ncp) 
n n  
i (nRt+ncp) 
= (Real P a r t  o f )  c.c e n ri 
The a p p l i e d  load  i s  t h e r e f o r e  r ep resen ted  i n  t h e  r o t a t i n g  
c o o r d i n a t e  system by a series o f  backward t r a v e l i n g  waves w i t  ph 
f r e q u e n c i e s  a t  t h e  harmonics of  t h e  r o t a t i o n a l  speed. The n 
harmonic component of load w i l l  e x c i t e  on ly  t h e  v i b r a t i o n  modes 
a s s o c i a t e d  w i t h  backward trave1ir.g waves of  t h e  same harmonic 
o r d e r .  Resonant a m p l i f i c a t i o n  w i l l  occur  f o r  modes t h a t  have 
n a t u r a l  f r equenc ie s  near  nQ . An e q u i v a l e n t  s t a t emen t ,  
o b t a i n e d  from equa t ion  (8) i s  t h a t  r e sonan t  a m p l i f i c a t i o n  w i l l  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I' 
I 
I 
I 
occur  f o r  modes i n  which t h e  phase v e l o c i t y  r e l a t i v e  t o  a non- 
r o t a t i n g  coord ina te  system is  near  zero.  
S ince  most of t h e  environmental  l oads  a c t i n g  on t h e  o r b i t i n g  
r a d i o  t e l e s c o p e  are s t a t i o n a r y  i n  a non-ro ta t ing  r e f e r e n c e  frame, 
i n t e r e s t  i n  t h e  a n a l y s i s  o f  free v i b r a t i o n  modes w i l l  c e n t e r  on 
t h e  c l o s e n e s s  t o  resonance o f  waves t h a t  are t r a v e l i n g  backward 
r e l a t i v e  t o  a r o t a t i n g  reference frame. 
I t  i s  o f  i n t e r e s t  t o  no te  t h a t  t h e  observed f r e q u e n c i e s  o f  
v i b r a t i o n  are d i f f e r e n t  i n  t h e  r o t a t i n g  and non- ro ta t ing  systems. 
The reason  i s  t h a t ,  from equat ion  ( 1 2 )  
The frequency f o r  waves t h a t  t r a v e l  backward i n  t h e  r o t a t i n g  
c o o r d i n a t e  system is, t h e r e f o r e ,  lowered by nR when observed 
i n  t h e  non-ro ta t ing  c o o r d i n a t e  system. The frequency f o r  forward 
t r a v e l i n g  waves i s  inc reased  by nR when observed i n  t h e  non- 
r o t a t i n g  coord ina te  system. Equation (14) a l s o  shows t h a t  t h e  
frequency f o r  resonance w i t h  s t a t i o n a r y  app l i ed  loads  i s  zero i n  
t h e  non- ro ta t ing  c o o r d i n a t e  system. 
Equat ions f o r  t h e  R e f l e c t o r  
Displacements o f  t h e  r e f l e c t o r  are r e p r e s e n t e d  by or thogonal  
components normal and t a n g e n t i a l  t o  t h e  s u r f a c e  o f  t h e  r e f l e c t o r  
i n  a r o t a t i n g  c o o r d i n a t e  system a s  shown i n  f i g u r e  6. L e t  t h e  
motions o f  t h e  r e f l e c t o r  correspond t o  an nth harmonic backward 
t r a v e l i n g  wave as i n d i c a t e d  by t h e  fo l lowing  equa t ions  
where t h e  s u b s t i t u t i o n  p = a + i Q J  h a s  been made. The cho ice  
of a n  imaginary c o e f f i c i e n t  f o r  u i s  made i n  o r d e r  t o  produce 
cpn 
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equat ions  w i t h  a minimum of  imaginary c o e f f i c i e n t s .  
The harmonic c o e f f i c i e n t s  u u , and w a r e  t r e a t e d  sn  , cpn n 
a s  degrees  o f  freedom. The technique used i n  t h e  s o l u t i o n  
employs, a s  a f i r s t  s t e p ,  t h e  express ion  o f  t h e  e l a s t i c  s t r a i n  
energy and t h e  p o t e n t i a l  energy due t o  s t a t i c  p re load  i n  t e r m s  
of membrane s t r a i n s  and r o t a t i o n s .  The membrane s t r a i n s  and 
r o t a t i o n s  a r e  expressed i n  t e r m s  of harmonic c o e f f i c i e n t s  and 
have t r a v e l i n g  wave dependence s i m i l a r  t o  t h a t  shown f o r  t h e  
components of motion by equat ion  ( 1 5 ) .  The fo l lowing  r e l a t i o n -  
s h i p s  between harmonic c o e f f i c i e n t s  a r e  de r ived  i n  r e f e r e n c e  9. 
Strain-Displacement  Rela t ionships :  
(Dependence on C P )  
( cos ine )  
au 
n P 'w 
8 - s n  - 
sn  a s  
( cos ine )  i - - . u  + ~ ( u    cos^ - w n 0 s i n @  n € cpn r cpn r s n  
u . cos8  - nu sn  8 - scpn a s  ( s i n e )  
Rotation-Displacement Rela t ionships :  
( s i n e )  
aw 
n e = -  
vn a s  + 8'Usn - 
+ - ( u  1 . c o s @  + nuSn 
r cpn 
L 
( c o s i n e  ) 
( s i n e )  
P o t e n t i a l  energy i s  computed a s  fo l lows  f o r  an annular  
s t r i p  of s l a n t  l e n g t h  As 
s+As 2n 
s o  
I i s  t h e  e l a s t i c  s t r a i n  energy p e r  u n i t  a r e a  and i s  a quad- ve 
r a t i c  func t ion  o f  t h e  s t r a i n s .  
t o  s t a t i c  p re load  p e r  u n i t  a r e a  and i s  a q u a d r a t i c  f u n c t i o n  of  
t h e  r o t a t i o n s .  An elementary a n a l y s i s  shows t h a t  t h e  p o t e n t i a l  
energy f o r  t h e  n t h  harmonic o r d e r  i s  t h e  fo l lowing  func t ion  
o f  t h e  harmonic s t r a i n  and r o t a t i o n  c o e f f i c i e n t s .  
6Vs 
i s  t h e  p o t e n t i a l  energy due 
I where 
(EA)cp  = e f f e c t i v e  a x i a l  s t i f f n e s s  of a c i r c u m f e r e n t i a l  f i b e r  
, ( E A ) s  = e f f e c t i v e  a x i a l  s t i f f n e s s  of a sp i r a l  f i b e r  
I 4, = l e n g t h  o f  a spiral  m e m b e r  
Y = angle  between meridian and a s p i r a l  m e m b e r  
N = merid iona l  s t a t i c  f o r c e  d e n s i t y  (lb/ u n i t  l e n g t h )  
S 
I N CP = c i r c u m f e r e n t i a l  s t a t i c  f o r c e  d e n s i t y  ( l b / u n i t  l e n g t h )  
The n e x t  s t e p  i n  t h e  s o l u t i o n  i s  t o  o b t a i n  t h e  g e n e r a l i z e d  
i n e r t i a  f o r c e s  a s s o c i a t e d  w i t h  t h e  harmonic c o e f f i c i e n t s  o f  t h e  
t r a v e l i n g  wave s o l u t i o n s .  For  t h i s  purpose u s e  i s  made of  t h e  
f o l l o w i n g  expres s ion  f o r  t h e  k i n e t i c  energy d e n s i t y  a sc r ibed  t o  
p e r t u r b a t i o n  motions der ived  i n  r e f e r e n c e e  9. 
I 
1 7  
r 
L I 
where m i s  t h e  mass p e r  u n i t  a rea .  
App l i ca t ion  o f  Lagrange’s  equat ions  and i n t r o d u c t i o n  o f  
t h e  t r a v e l i n g  wave s o l u t i o n s  y i e l d s  t h e  fo l lowing  m a t r i x  
equa t ion  f o r  t h e  gene ra l i zed  i n e r t i a  f o r c e s  a c t i n g  on a s t r i p  
of s l a n t  l e n g t h  As 
I , 
I 
I 
r 
I 
I 
I 
I 
r 
N o t e  t h a t  t h e  C o r i o l i s  f o r c e  t e r m s  appear as a symmetric 
m a t r i x  of  imaginary damping c o e f f i c i e n t s ,  and t h a t  r e v e r s a l  o f  
t h e  d i r e c t i o n  o f  r o t a t i o n ,  which i s  e q u i v a l e n t  t o  changing t h e  
s i g n  of n, changes t h e  s i g n  o f  t h e s e  t e r m s .  Hence t h e  so lu -  
t i o n s  f o r  p o s i t i v e  and nega t ive  n w i l l  be d i f f e r e n t .  
The complete homogeneous equa t ions  o f  e q u i l i b r i u m  fo r  an 
a n n u l a r  s t r i p  o f  t h e  r e f l e c t o r  are ob ta ined  by t a k i n g  t h e  p a r t i a l  
d e r i v a t i v e s  of t h e  p o t e n t i a l  energy ( equa t ion  23) w i th  r e s p e c t  
t o  t h e  harmonic c o e f f i c i e n t s  u , u , and. w and equa t ing  
them t o  t h e  g e n e r a l i z e d  i n e r t i a  fo rces .  Nothing i s  served  by 
c a r r y i n g  o u t  t h i s  o p e r a t i o n ,  however, because t h e  computer pro- 
gram used f o r  s o l v i n g  t h e  r e s u l t i n g  e igenva lue  problem r e a d i l y  
accepts informat ion  i n  a form more c l o s e l y  i d e n t i f i e d  w i t h  
e q u a t i o n  (23 )  and t h e  r e l a t i o n s h i p s  shown i n  equa t ions  (16) t o  ( 2 1 ) .  
sn  cpn n 
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Problem Formulation f o r  Computer S o l u t i o n  
The method of a n a l y s i s  was t a i l o r e d  t o  an a v a i l a b l e  d i g i t a l  
computer program, SADSAM I V ,  developed by t h e  MacNeal-Schwendler 
Corporat ion.  A b r i e f  account of  t h e  o p e r a t i n g  f e a t u r e s  o f  t h e  
program i s  impor tan t  f o r  an understanding o f  t h e  approach taken.  
SADSAM I V  i s  a program of  modest c a p a c i t y  (50  independent 
degrees  of freedom) f o r  t h e  s o l u t i o n  o f  s t r u c t u r a l  dynamic prob- 
l e m s  (e igenvalue  e x t r a c t i o n ,  t r a n s i e n t  a n a l y s i s  and frequency 
response a n a l y s i s )  by t h e  lumped element approach. A s i g n i f i -  
c a n t  f e a t u r e  o f  t h e  program is t h e  employment of  equa t ions  o f  
c o n s t r a i n t  between dependent and independent displacement  com- 
ponents.  The g e n e r a l  m a t r i x  equat ion  solved by t h e  program can 
be w r i t t e n  as fol lows:  
X 
i d  
'dd 
Rd 
- -  
_ -  
I 
I 
I 
I 
I 
r 
- 
where 
u, are independent compDnents o f  displacement  
I 
u are dependent 
are f o r c e s  of 
The impedance m a t r i x  
d 
qC 
s t i f f n e s s  components 
components of displacement  
c o n s t r a i n t  
c o n s i s t s  of  m a s s ,  damping and 
xii 
x = M..p2 + B p + Kii, ii 11 ii 
. The elements  of  Xdd , and i d  xd i  and s i m i l a r l y  f o r  X 
matrices R and are t h e  c o e f f i c i e n t s  o f  t h e  equa t ions  of 
Rd i 
c o n s t r a i n t .  
The s t i f f n e s s  m a t r i x  K i s  assembled ( i n  p a r t )  from t h e  
ii 
p r o p e r t i e s  o f  s imple  s p r i n g s  connected between p a i r s  of  d i sp l ace -  
m e n t  components. I n  a d d i t i o n ,  t h e  u s e r  can s p e c i f y  m a t r i x  
elements t o  be i n s e r t e d  d i r e c t l y  i n t o  K , a f e a t u r e  t h a t  i s  
used f o r  t h e  gene ra t ion  of aerodynamic f o r c e  c o e f f i c i e n t s  and 
o t h e r  unconserva t ive  e f f e c t s .  B and M are assembled i n  
s i m i l a r  f a s h i o n  from simple dampers and masses, and from d i r e c t  
impu t . 
ii 
ii ii 
The c o e f f i c i e n t s  of t h e  equat ions  o f  c o n s t r a i n t ,  R and i 
Rd 
body p r o p e r t i e s  of  t h e  elements  of t h e  s t r u c t u r e  and t o  express 
c o o r d i n a t e  t r ans fo rma t ions ,  They may a l s o  be used, as i n  t h e  
p r e s e n t  example, t o  express  s t r a i n s  and r o t a t i o n s  i n  terms of  
displacements .  
i n  equat ion  (26) , are s p e c i f i e d  by t h e  u s e r  t o  expres s  r i g i d  
I t  w i l l  be noted t h a t  t h e  p o t e n t i a l  energy of  t h e  r e f l e c t o r ,  
equa t ion  ( 2 3 ) ,  i s  expressed i n  t h e  form 
i s  a g e n e r a l i z e d  displacement q u a n t i t y  r e l a t e d  t o  
'i 
where 
t h e  harmonic components o f  displacement by a l i n e a r  o p e r a t o r ,  
( e q u a t i o n s  16  - 2 1 ) .  Hence K r e p r e s e n t s  a s p r i n g  r e s t r a i n i n g  i 
Y i  
r e l a t i o n s h i p  between each 
d isp lacement  is  regarded a s  an equat ion of  c o n s t r a i n t .  
and it is  rep resen ted  as such i n  t h e  computer program. The 
and t h e  harmonic components o f  
'i 
D i f f e r -  
, occur ing  i n  t h e  equa t ion  of  c o n s t r a i n t  e n t i a 1  o p e r a t o r s ,  ( % ]  
are r e p l a c e d  by d i f f e r e n t i a l  o p e r a t o r s ,  e.g. , 
W - w  n,m+l n,m 
A S  
where t h e  s u b s c r i p t s  m and m f l  r e f e r  t o  a d j a c e n t  s t a t i o n s  
along t h e  meridian and m++ i s  halfway between them. The 
t e r m s  p r o p o r t i o n a l  t o  @ i n  t h e  k i n e t i c  energy, equat ion  ( 2 4 ) ,  
a r e  t r e a t e d  i n  s i m i l a r  f a sh ion ,  such t e r m s  be ing  r ep resen ted  by 
n e g a t i v e  sp r ings .  
The t e r m s  p r o p o r t i o n a l  t o  p” i n  t h e  i n e r t i a  f o r c e  
equa t ion  (equat ion  2 5 )  are r ep resen ted  by lumped masses a t t ached  
t o  u r U  s n  
by t h e  use r  d i r e c t l y  i n t o  t h e  damping mat r ix ,  s i n c e  such t e r m s  
do n o t  correspond t o  t h e  p r o p e r t i e s  of rea l  p h y s i c a l  dampers and 
cannot ,  t h e r e f o r e ,  be t r e a t e d  as  s t r u c t u r a l  elements.  
and w . The C o r i o l i s  f o r c e  t e r m s  a r e  i n s e r t e d  cpn n 
The motions o f  t h e  r e f l e c t o r  w e r e  s imulated by harmonic 
c o e f f i c i e n t s  a t  t h e  s t a t i o n s  l abe led  @ t o  @ i n  f i g u r e  2 .  
The increment i n  r a d i u s  between s t a t i o n s  i s  uniform. 
The degrees  of  freedom f o r  .:he c e n t r a l  column w e r e  s imula t -  
e d  by harmonic c o e f f i c i e n t s  a t  e leven equa l ly  spaced s t a t i o n s .  
Rarmonic c o e f f i c i e n t s  f o r  n 2 2 w e r e  omi t ted  s i n c e  such n o t i o n s  
involve  e l a s t i c  d i s t o r t i o n  of  t h e  c r o s s  s e c t i o n  of t h e  column. 
The column was t r e a t e d  a s  a f l e x u r a l  beam loaded compressively.  
The compressive load  g ives  rise t o  n e g a t i v e  s p r i n g s  a t t ached  t o  
c o o r d i n a t e s  r e p r e s e n t i n g  t h e  slope of  t h e  beam. The i n e r t i a  
f o r c e  p e r  u n i t  l e n g t h  a c t i n g  on t h e  column, f o r  l a t e r a l  motion 
i n  a r o t a t i n g  c o o r d i n a t e  system, is  
r 1 
where W i s  t h e  f i r s t  harmonic c o e f f i c i e n t  o f  l a t e r a l  motion 
and m i s  t h e  mass p e r  u n i t  l ength .  
1 
C 
The f r o n t  and back t ens ion ing  networks w e r e  analyzed i n  
t e r m s  of t h e i r  p o t e n t i a l  energy due t o  e l a s t i c  s t r a i n  and s t a t i c  
p r e l o a d ,  and w e r e  s imula ted  by simple s p r i n g s  and equat ions  of 
c o n s t r a i n t .  The d i s t r i b u t e d  i n e r t i a  of  t h e  t ens ion ing  networks 
w a s  ignored ,  t h u s  p e r m i t t i n g  s imula t ion  o f  t h e  networks by a 
minimum number of s p r i n g s ,  ( t h r e e  p e r  network).  
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RESULTS OF NUMERICAL CALCULATION 
Normal mode f r equenc ie s  and mode shapes of  t h e  r a d i o  te le -  
scope w e r e  computed f o r  s e v e r a l  va lues  of  n and f o r  bo th  f o r -  
wa.rd and backward t r a v e l i n g  waves. Mode f r e q u e n c i e s  f o r  t h e  
lower modes a r e  l i s t e d  i n  t a b l e  I11 f o r  n = 1, 2,  4 and 8 , 
and a r e  p l o t t e d  ve r sus  n i n  f i g u r e  7 .  F igu re  7 a l s o  inc ludes  
r e s u l t s  f o r  a c a s e  i n  which t h e  e l a s t i c  s t i f f n e s s  of t h e  
r e f l e c t o r  t a p e s  was a r b i t r a r i l y  increased  by a f a c t o r  o f  f o u r .  
The mode shapes o f  selected modes a r e  p l o t t e d  i n  F i g u r e s  8 t o  1 2 .  
The f r equenc ie s  of  t h e  modes a r e  normalized by d i v i d i n g  by 
t h e  r o t a t i o n a l  speed, which i s  .00648 r a d i a n s  p e r  second. The 
recorded f r equenc ie s  a r e  those  which would be observed i n  t h e  
r o t a t i n g  coord ina te  system. To o b t a i n  t h e  f r equenc ie s  i n  t h e  
non- ro ta t ing  s y s t e m ,  add n cyc le s  p e r  r e v o l u t i o n  f o r  forward 
t r a v e l i n g  waves and s u b t r a c t  n cyc le s  p e r  r e v o l u t i o n  f o r  
backward t r a v e l i n g  waves. 
The presence  o f  fou r  r i g i d  body modes (two t r a n s l a t i o n a l  
modes and two r o t a t i o n a l  modes) i s  i n d i c a t e d  i n  t a b l e  111. Three 
o f  t h e s e  modes a r e  backward t r a v e l i n g  waves w i t h  a frequency o f  
one c y c l e  p e r  r e v o l u t i o n  i n  t h e  r o t a t i n g  r e f e r e n c e  system, which 
corresponds t o  zero c y c l e s  p e r  r e v o l u t i o n  i n  t h e  non- ro ta t ing  
r e f e r e n c e  system. These modes a re ,  t h e r e f o r e ,  r i g i d  body modes 
i n  t h e  o r d i n a r y  sense .  A f o u r t h  r i g i d  body mode is  a forward 
t r a v e l i n g  wave w i t h  a frequency equal  t o  . 4 2  cyc le s / r evo lu t ion .  
T h i s  mode corresponds t o  t h e  n u t a t i o n  o f  a sp inn ing  r i g i d  body. 
c y c l e s  p e r  r e v o l u t i o n .  
I ts  f requency  i n  t h e  r o t a t i n g  system is equa l  t o  
The forward and backward column bending modes a r e  seen  from 
t a b l e  I11 t o  have n e a r l y  t h e  same f r equenc ie s  i n  t h e  non-ro ta t ing  
system. Due t o  mechanical coupl ing between t h e  column and t h e  
r e f l e c t o r ,  t h e  frequency f o r  t h e  lowest  column mode is  about f i v e  
p e r c e n t  h i g h e r  t han  t h e  frequency t h a t  t h e  column would have i f  
i t s  ends  w e r e  simply supported.  The mode shapes p l o t t e d  i n  
f i g u r e s  8 and 9 i n d i c a t e  r e l a t i v e l y  s m a l l  motions o f  t h e  r e f l e c t o r  
i n  t h e  column modes. 
The c r i t i c a l  r e sonan t  frequency of  t h e  column f o r  mass 
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unbalance i s  a t  zero c y c l e s  pe r  r evo lu t ion  i n  t h e  r o t a t i n g  
system. The column bending modes a r e  w e l l  removed from t h i s  
resonance. 
Mode shapes f o r  t h e  t h r e e  lowest  backward t r a v e l i n g  wave 
modes of t h e  r e f l e c t o r  a r e  p l o t t e d  i n  f i g u r e s  10 ,  11, and 1 2  f o r  
n = 2 . I t  is  seen t h a t  t h e s e  modes c o n s i s t  predominantly of  
motion normal t o  t h e  s u r f a c e  of  t h e  r e f l e c t o r .  The mode shapes 
f o r  o t h e r  va lues  o f  n a r e  q u i t e  s i m i l a r .  
P o i n t s  on t h e  "resonance l i n e "  i n  f i g u r e  7 a r e  t h e  frequen- 
cies f o r  resonance w i t h  an appl ied  load  d i s t r i b u t i o n  t h a t  i s  
s t a t i o n a r y  i n  t h e  non-ro ta t ing  system. The frequency of  t h e  
lowes t  r e f l e c t o r  mode c r o s s e s  t h e  resonance l i n e  between n = 2 
and n = 3 and remains c l o s e  to  t h e  resonance l i n e  f o r  s e v e r a l  
h ighe r  harmonic o r d e r s .  
t h e s e  modes can t h e r e f o r e  be expected. 
S i g n i f  it'zant r e sonan t  a m p l i f i c a t i o n  o f  
An i n c r e a s e  i n  t h e  e f f e c t i v e  e l a s t i c  s t i f f n e s s  of  t h e  
re f lec tor  t a p e s  s i g n i f i c a n t l y  inc reaces  t h e  mode f r equenc ie s  f o r  
t h e  lower harmonic o r d e r s  b u t  n o t  f o r  t h e  h ighe r  harmonic o r d e r s .  
The reason  i s  t h a t ,  a s  t h e  harmonic o r d e r  is  increased ,  t h e  
s t i f f n e s s  due to  s t a t i c  pre load  becomes l a r g e r  f o r  motion normal 
t o  t h e  s u r f a c e  of  t h e  r e f l e c t o r .  
CONCLUDING DISCUSSION 
The c a l c u l a t i o n  of  t h e  normal modes of  v i b r a t i o n  o f  a l a r g e  
o r b i t i n g  p a r a b a l o i d a l  antenna has been descr ibed .  Many of  t h e  
f e a t u r e s  of t h e  c a l c u l a t i o n  a r e  d i f f e r e n t  from t h o s e  encountered 
i n  t h e  v i b r a t i o n  a n a l y s i s  of  o rd ina ry  t e r r e s t r i a l  objects. 
Among t h e  d i f f e r e n c e s  are t h e  fol lowing:  
1. Bending s t i f f n e s s  o f  t h e  members i n  t h e  r e f l e c t o r  is  
e n t i r e l y  n e g l i g i b l e ,  except  f o r  an i n d i r e c t  e f f e c t  t h a t  
it has  o n  e x t e n s i o n a l  s t i f f n e s s .  
2, The e x t e n s i o n a l  s t i f f n e s s  of t h e  m e m b e r s  of  t h e  r e f l e c t o r  
i s  extremely low due t o  the  ve ry  low va lue  of s t a t i c  stress 
t h a t  i s  a v a i l a b l e  f o r  s t r a i g h t e n i n g  t h e  m e m b e r s .  
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3. D i f f e r e n t i a l  s t i f f n e s s  due t o  s t a t i c  pre load  ( t e n s i o n  i n  
t h e  r e f l e c t o r  and compression i n  t h e  c e n t r a l  column) cannot  
be ignored.  
4, The normal modes a r e  t r a v e l i n g  waves r a t h e r  than  s t and ing  
waves. 
5. The primary source  o f  dynamic e x c i t a t i o n  i s  a d i s t r i b u t i o n  
o f  l o a d s  t h a t  i s  s t a t i o n a r y  wi th  r e s p e c t  t o  a non- ro ta t ing  
r e f e r e n c e  frame. 
The r e s u l t s  of  t h e  c a l c u l a t i o n  show t h e  e x i s t e n c e  o f  a 
p o t e n t i a l l y  serious resonance cond i t ion  f o r  a l l  harmonic o r d e r s  
h ighe r  than  t h e  second. 
harmonic o r d e r s  b u t  n o t  fo r  t h e  h igher  ones by i n c r e a s i n g  t h e  
e x t e n s i o n a l  s t i f f n e s s  of t h e  r e f l e c t o r .  
Resonance can be avoided f o r  t h e  lower 
Unce r t a in ty  w i t h  regard  t o  t h e  magnitude o f  t h e  e f f e c t i v e  
e x t e n s i o n a l  s t i f f n e s s  of t h e  r e f l e c t o r  makes it impossible  t o  
p r e d i c t  a c c u r a t e l y  t h e  c r o s s i n g s  of t h e  resonance l i n e  i n  
f i g u r e  7 by t h e  v i b r a t i o n  modes. Therefore  t h e  p o s s i b i l i t y  of  
a very nea r  resonance i n  one o f  t h e  h ighe r  harmonic o r d e r s  must 
be accepted.  Such resonance can be avoided, once i t s  presence  
i s  d e t e c t e d ,  by a smal l  change i n  t h e  r o t a t i o n a l  speed. 
Unfinished b u s i n e s s  f o r  f u t u r e  i n v e s t i g a t i o n  inc ludes ,  
p r i n c i p a l l y ,  t h e  c a l c u l a t i o n  of t h e  response t o  va r ious  sources  
o f  dynamic e x c i t a t i o n ,  some of which have been descr ibed  b r i e f l y  
i n  t h i s  r e p o r t .  
damping f o r  use  i n  t h e  c a l c u l a t i o n  o f  r e sonan t  response,  and t h e  
i n v e s t i g a t i o n  of  t h e  e f f e c t s  o f  c o n f i g u r a t i o n  changes. 
I t  a l s o  inc ludes  t h e  e s t i m a t i o n  o f  s t r u c t u r a l  
A s t r o  Research Corpora t ion  
San ta  Barbara,  C a l i f o r n i a ,  NoyJember 30, 1966. I 
I 
I 
I 
I 
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TABLE I 
WEIGHT SUMMARY 
R e f l e c t o r  G r i d :  1103 lbs 
R i m  Mass: 472 lbs 
C e n t r a l  Column: 500 lbs  
F ron t  Equipment Package: 220 lbs  
Back Equipment Package: 308 lb s  
F ron t  Tensioning Network: 170 lbs 
Back Tensioning Network: 8 5  lbs 
neglec ted  i n  a n a l y s i s  
TOTAL 2858 l b s  
Polar Moment of I n e r t i a ,  I 225.8 X l o6  s lug - f t "  
Moment of I n e r t i a  about  
t r a n s v e r s e  axis ,  
P 
158.5 X I O 6  s l ug - f t "  IX 
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TABLE I1 
MECHANICAL PROPERTIES OF STRUCTURAL ELEMENTS 
Ref l e c t o r  G r i d :  
O u t e r  r a d i u s  
I n n e r  r a d i u s  
Number of s p i r a l  t a p e s  
i n  one s e t  
Tape spac ing  a t  r i m  
Tape wid th  
Tape t h i c k n e s s  
Tape m a t e r i a l  
Yie ld  s t r e s s  
Tens ion inq  Networks: 
Number of  t a p e s  
Tape wid th  
Tape t h i c k n e s s  
M a t e r i a l  
C e n t r a l  Column: 
E1 
: 2461 f t  
: 1477 f t  
: 5100 
36.4 i n  
0 . 1  i n  
.0005 i n  
: commercially pure  aluminum 
: 5000 p s i  
510 
0 .1  i n  
.001 i n  
: f i b e r g l a s s  
: 1.1 X l o6  l b - f t ”  
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TABLE 111 
VIBRATION-MODE FREQUENCIES 
(a) Mode Type Backward Trave l ing  Waves 
Frequency (cycles , ’ revolut ion)  
n - b  1 2 4 8 
Rigid Body T r a n s l a t i o n  ( 2  modes) 1.0 
Rigid Body Ro ta t ion  1.0 
F i r s t  Column Bending 3.54 
Second Column Bending 12.02 
F i r s t  R e f l e c t o r  Mode 5.11 2.93 3.80 6.95 
Second R e f  l e c t o r  Mode 8.38 6.84 6.07 8.17 
Third  R e f l e c t o r  Mode 11.23 9.75 8.62 9.76 
(b) Mode Type Forward Trave l ing  Waves 
Frequency (cyc les / revo  l u t i o n )  
Rig id  Body Ro ta t ion  
F i r s t  Column Bending 
Second Column Bending 
F i r s t  Ref lec tor  Mode 
Second R e f l e c t o r  Mode 
Thi rd  R e f l e c t o r  Mode 
n-b 1 2 4 8 
0.42 
1 - 5 8  
10.02 
4.58 2.50 3.63 6.89 
8.16 6.69 5.95 8.09 
11.20 9.64 8.50 9.69 
2 3  
a, 
P 
0 
U 
(I) 
a, 
rl 
a, 
E-l 
0 
o r (  
5 
rd 
p: 
IC1 
0 
$ 
-4 
3 
rl 
rl 
rd 
k 
a, 
3 
0 
I 
rl 
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o =  
f 
F r c n  
N e  
t T e n s i o n i n g  
twork  
Rotational Speed = 0.OOE48 r a d / s e c  
Column Load = 0 .458  112 
Fy = 2.84 
0 = 2 .45  p s i  
0 = 21.98 p s i  
0 = 13.04 
5.15 
/ 
Back Tens  
Network 
= 21 d ps 
i o n i n g  
i 
F i g u r e  2. - S t a t i c  S t r e s s  D i s t r i b u t i o n  
due  t o  R o t a t i o n  
\ rd \ JJ I 4. 
cr 
0 
M 
0 
cv rl 
0 0 
. 0 0  
0 
31 
F r o n t  
N e  two  r k  
E = 96,200 
, 000  p s i  
F i g u r e  4.  - E f f e c t i v e  Modulus D i s t r i b u t i o n  
f o r  F ibers  
0 
0 0 
0 0 co 
0 
0 
cv 
3 3  
Looking Aft 
U s 
S u r f a c e  Element 
I Fwd w U 
F i g u r e  6.  - C o o r d i n a t e  G e o m e t r y  f o r  R e f l e c t o r  
3 4 
14 
1 2  
10 
8 
6 
4 
2 
0 
I I I 
Bas ic  R e f l e c t o r  St i . t 'Fness  
4 B a s i c  R e f l e c t 0 3  Stiffness --- I\\ 
I 
I . 1 I I 
ince 
0 2 4 6 8 1 0  
Harmonic O r d e r ,  n 
F i g u r e  7.  - Vibration-Mode Frequencies  of  Reflector  
f o r  Backward T r a v e l i n g  Waves 
35 
, 
,\ 
a -  - .- 
F i g u r e  8. - F i r s t  Column Bending Mode f o r  
Backward Trave l ing  Waves 
(dJ/Cl = 3.54 i n  t h e  r o t a t i n g  system) 
F i g u r e  9.  - Second Column Bending Mode f o r  
Forward Trave l ing  Waves 
(w/n = 10 .02  i n  t h e  r o t a t i n g  system) 
/ 
Front 
Tens ioning  
N e  t.wo rlc 
Rim 
Back 
Tens ioning  
Network 
CP 
I 
U 
F i g u r e  10 .  - Lowest Backward Mode 
( n  := 2 , w = 0.01897 rad/sec, 
r o t a t i n g  system) 
= 2.93 c y c l e s / r e v  i n  t h e  
F ~ o n t  
Tensioning 
Netwc7 rlc, 
- 
Back 
Tens ion  i n g  
Network 
CP \ U  
F igu re  11. - Second Backward Mode 
(n  = 2 ,  
w/Q =: 6.84 c y c l e s / r e v  i n  t h e  
r o t a t i n g  s y s  tern) 
v = 0.04428 c y c l e s / s e c ,  
Fron t  
Tensioning 
Ne t .work 
R i m  
ing 
F i g u r e  12. - Third Backward Mode 
( n  = 2 , w = 0.06309 rad/sec 
w/h; = 9.75 cycles/rev in the 
rotating system) 
